Rules for integrands involving partial derivatives

1. ju £ [x] dx

1: Jf‘“) [x] dx

Reference: G&R 2.02.4

Rule:

Jf(” [x] dx — f" D [x]

Program code:
Int[Derivative[n_] [f_] [x_],x_Symbol] :=

Derivative[n-1] [-F] [x] /3
Fr'eeQ[{-F,n},x]

2. J(c Fa+bx)pf("’ [x] dx

1: J(c F2+2X)P £ [x] dx when nez*

Derivation: Integration by parts

Rule: If n € z*, then

J(c FR2X)P£M [x] dx — (cF***X)P £ 1 [x] - bp Log[F] J(c Fa0X) P £ [x] dx

Program code:

Int[(c_.F_~(a_.+b_.#x_))"p_.+Derivative[n_] [f_] [x_],x_Symbol] :=
(c*F~ (a+bxx) ) “pxDerivative[n-1] [f] [X] - bxpxLog[F]*Int[ (cxF~(a+bxx))~pxDerivative[n-1][f][x],x] /;
FreeQ[{a,b,c,f,F,p},x] && IGtQ[n,0]
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2: J(c F2*0X)P £ [x] dx when nez"

Derivation: Integration by parts

Rule:If n € Zz7, then

(C Fa+bx)P.F(n) [X] 1

j(c FX)P £ [x] dx —
bp Log[F] bp Log[F]

J-(c Fa+bx)P ,F(n+1) [X] dx

Program code:
Int[(c_.*F_"(a_.+b_.*x_))"p_.Derivative[n_] [f_] [x_],x_Symbol] :=

(c*F~ (a+bxx) ) ~pDerivative[n] [f] [x]/(bxpxLog[F]) - 1/ (bxpxLog[F]) »Int[ (cxF~ (a+bxx))~pxDerivative[n+1] [f] [x]1,Xx] /;
FreeQ[{a,b,c,f,F,p},x] && ILtQ[n,0]

3. Jsin[a +bx] £™ [x] dx

1: |sin[a+bx] £ [x] dx when nez*

Derivation: Integration by parts

Rule: If n € Zz*, then

Jsin[a +bx] £™ [x] dx — Sin[a+bx] "V [x] - bJCos[a +bx] £ [x] dx

Program code:

Int[Sin[a_.+b_.#x_]Derivative[n_] [f_] [x_],x_Symbol] :=
Sin[a+bxx] «Derivative[n-1] [f] [x] - b*Int[Cos[a+bxx]xDerivative[n-1][f][x],x] /;
FreeQ[{a,b,f},x] & IGtQ[n,O]
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Int[Cos[a_.+b_.*x_]+Derivative[n_][f_] [x_],x_Symbol] :=

Cos[a+bxx] «Derivative[n-1] [f] [x] + b*Int[Sin[a+bxx]xDerivative[n-1][f][x]1,x] /;
FreeQ[{a,b,f},x] & IGtQ[n,O]

2: Jsin[a +bx] f™ [x] dx when nez"-

Derivation: Integration by parts

Rule: If n € Z7, then

Cos[a+bx] M [x]
b

1
fsin[a +bx] ™ [x] dx — - + = JCos[a +bx] £ [x] dx
b

Program code:

Int[Sin[a_.+b_.#x_]+Derivative[n_] [f_] [x_],x_Symbol] :=
-Cos [a+bxx] +Derivative[n] [f] [x] /b + 1/bxInt[Cos[a+bxx]«Derivative[n+1] [f][x],x] /;
FreeQ[{a,b,f},x] & ILtQ[n,O]

Int[Cos[a_.+b_.*x_]«Derivative[n_][f_] [x_],x_Symbol] :=
Sin[a+bx]«Derivative[n] [f] [x]/b - 1/bsInt[Sin[a+bxx]«Derivative[n+1][f] [x]1,x] /;
FreeQ[{a,b,f},x] & ILtQ[n,@]
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4: JF[-F(“'” [x1] £™ [x] dx

Reference: G&R 2.02.7

Derivation: Integration by substitution
Basis: F[f[x]] f [x] = Subst[F[x], x, f[x]] ' [X]
Basis: F [ £(") [x] | £V [x] = Subst |[F[x], x, £V [x]] oxf" b [x]

Rule:

JF[f("‘l) [x]] £™ [x]dx — Subst[jF[x] dx, x, "1 [x]]

Program code:

Int[u_sDerivative[n_] [f_] [x_],x_Symbol] :=
Subst [Int[SimplifyIntegrand[SubstFor [Derivative[n-1][f] [x],u,x],x],x],x,Derivative[n-1] [f] [x]] /;
FreeQ[{f,n},x] & Function0fQ[Derivative[n-1] [f][x],u,X]
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5: JF[-F““‘” [x] g [x]] (a £ x]1 g™ [x] +af™D[x] g [x]) dx

Derivation: Integration by substitution
Basis: F [f[x] g[x]] (af'[x] g[x] +af[x] g [x]) =aSubst[F[x], x, f[x] g[x]] Ox (f[x] g[x])
Basis: F [f“"*-” [x] g1 [x]} (a £f™ x] g x] +af™Dbx] gm [X]) =
aSubst [F[x], x, £™1 [x] gV [x]] 6y (F™ [x] g b [x])
Rule:

JF[f(m‘l) (x1 g™ [x1] (af™ [x1 g [x] +af™P [x] g™ [x])dx — a Subst[JF[x] dx, x, £ [x] g™b [x]]

Program code:

Int[u_x(a_.«Derivative[1] [f_] [x_]1#g_[x_]+a_.+f_[x_]+Derivative[1] [g_][x_]),x_Symbol] :=
axSubst [Int[SimplifyIntegrand[SubstFor [f[x]*g[x],u,x],x],x],x,f[x]1*g(x]] /;
FreeQ[{a,f,g},x] & FunctionOfQ[f[x]+g[x],u,X]

Int[u_x(a_.«Derivative[m_] [f_] [x_]*g_[x_]+a_.+Derivative[ml_] [f_] [x_]+Derivative[1][g_][x_]),x_Symbol] :=
axSubst[Int[SimplifyIntegrand [SubstFor [Derivative[m-1] [f] [x]*g[x],u,x],x],x],x,Derivative[m-1] [f] [x]*g[x]] /;
FreeQ[{a,f,g,m},x] & EqQ[ml,m-1] & Function0fQ[Derivative[m-1] [f] [x]*g[x],u,x]

Int[u_x(a_.«Derivative[m_] [f_] [x_]*Derivative[nl_] [g_][x_]+a_.+Derivative[ml_] [f_] [x_]«Derivative[n_][g_][x_]),x_Symbol] :=
axSubst[Int[SimplifyIntegrand [SubstFor [Derivative[m-1] [f] [x]«+Derivative[n-1][g] [X],u,X],X],x],x,Derivative[m-1] [f] [x]*Derivative[n-1][g][x]]
FreeQ[{a,f,g,m,n},x]| && EqQ[ml,m-1] && EqQ[nl,n-1] & FunctionOfQ[Derivative[m-1] [f] [x]«Derivative[n-1][g] [X],u,X]
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6: JF[f(m‘” IX1P g™ x]] £V [x]P (af™ [x] g™V [x] +bF™" Y [x] g™ [x]) dx whena=b (p+1)

Derivation: Integration by substitution

Basis:If a ==b (p + 1), then
FLEO [x]Pt g [x] | £1 [x]P (af™ [x] g™ [x] + b F"Y [x] g [x]) =

bSubst [F[x], x, £™Y [x]P1 g [x] | Oc (") [x]P gV [x])

Rule:If a=b (p+1),then
fF[f(m-” [x1P g™ [x]] £V [x]P (a £ ™ [x] g™ [x] +b £V [x] g™ [x]) dx —

bSubSt[JF [x] dx, X, -{:(m—l) [X]P+1 g(n—1) [X]]

Program code:

Int[u_»f_[x_]"p_.*(a_.*Derivative[1] [f_] [x_]*g_[x_]+b_.+f_[x_]Derivative[1][g_][x_]),x_Symbol]| :=
bxSubst[Int[SimplifyIntegrand [SubstFor [f[x]”~(p+1) *g[X],u,Xx],x],x],x,F[x]*(p+1)*g[x]] /;
FreeQ[{a,b,f,g,p},x]| && EqQ[a,bx(p+1)] & FunctionOfQ[f[x]" (p+1) *g[x],u,X]

Int[u_sDerivative[ml_][f_][x_]1"p_.*
(a_.Derivative[m_] [f_] [x_1*g_[x_]+b_.Derivative[ml_] [f_][x_]+Derivative[1] [g_][x_]),x_Symbol] :=
bxSubst [Int[SimplifyIntegrand [SubstFor [Derivative[m-1][f] [x]"(p+1)+g[x],u,X],x],x],x,
Derivative[m-1] [f] [x]~(p+1)+g[x]1] /;
FreeQ[{a,b,f,g,m,p},x] && EqQ[ml,m-1] && EqQ[a,bx (p+1)] && FunctionOfQ[Derivative[m-1][f] [x]*(p+1)*g[x],u,X]

Int[u_*g_[Xx_]1"q_.*
(a_.+Derivative[m_] [f_] [x_]*g_[x_]+b_.Derivative[ml_] [f_] [x_]«Derivative[1] [g_][x_]),x_Symbol] :=
axSubst[Int[SimplifyIntegrand [SubstFor [Derivative[m-1] [f] [x]*g[x]1~(q+1),u,x],x],x],X,
Derivative[m-1] [f] [x]*g[x]~(q+1)] /;
FreeQ[{a,b,f,g,m,q},x] && EqQ[ml,m-1] && EqQ[ax(q+1),b] & FunctionOfQ[Derivative[m-1] [f] [x]*g[x]~(q+1),u,X]
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Int[u_sDerivative[ml_][f_][x_]"p_.*
(a_.+Derivative[m_] [f_] [x_]+Derivative[nl_][g_] [x_]+b_.+Derivative[ml_] [f_] [x_]Derivative[n_][g_][x_]),x_Symbol] :=
bxSubst [Int[SimplifyIntegrand [SubstFor [Derivative[m-1][f] [x]~(p+1)«Derivative[n-1][g] [x],u,x],x],x],X,
Derivative[m-1] [f] [x]~(p+1) «Derivative[n-1][g] [x]] /;
FreeQ[{a,b,f,g,m,n,p},x] & EqQ[ml,m-1] & EqQ[nl,n-1] & EqQ[a,bx (p+1)] &&
FunctionOfQ[Derivative [m-1] [f] [x]~ (p+1) *Derivative[n-1] [g] [X],u,X]

7: JF[-F“"‘” [x]P g™ [x] 9] £ D [x]P g™ [x]19 (@£ ™ [x] gV [x] +bF™ V) [x] g™ [x]) dx when a (q+1) =b (p+1)

Derivation: Integration by substitution

Basis:If a (q+1) =b (p+1),thenF [f[x]P1g[x]9?]| F[x]Pg[x]9 (af [x] g[x] +bf[x] g [X]) =
S2Subst [Fix], x, F{x]Pg[x]9] oy (F[x]P T g[x]9?)

Basis:If a (q+1) ==b (p +1),then
FLEM [x]Pt g [x] 9] £ [x]P g™ [x]9 (af™ [x] g™ [x] +bF™ [x] g™ [x]) =

pil Subst[F [X] , X, .F(m—l) [XJDJrl g(n—l) [XJC{Jrl] @X <.F(m—1) [X]p+l g(n—l) [X]q+1>

Rule:lf a (gq+1) =b (p+1),then

JF[f(m—l) [x]P gD [x] 9] £ [x]P gD [x]9 (a £ ™ [x] g™V [x] +bF™ D [x] g™ [x]) dx —

a

Subst[jF[x] dx, x, ™D [x]PL gn-1) [x]‘“l]
p+1

Program code:

Int[u_»f_[x_1"p_.*g_[x_]1"q_.*(a_.«Derivative[1] [f_] [x_]*g_[x_]+b_.»f_[x_]Derivative[1][g_][x_]),x_Symbol] :=
a/ (p+1) *Subst[Int[SimplifyIntegrand [SubstFor [f[x]~ (p+1) xg[x]~(q+1) ,u,X],x],x],X,F[X]" (p+1) *g[x]1"(q+1) ]| /;
FreeQ[{a,b,f,g,p,q},x] && EqQ[ax(q+1),bx(p+1)] & Function0fQ[f[x]” (p+1) *g[X]"(q+1),u,X]



Rules for integrands involving partial derivatives

Int[u_xDerivative[ml_] [f_] [X_]1"p_.*g_[X_1"q_.*
(a_.«Derivative[m_] [f_] [x_1*g_[x_]+b_.Derivative[ml_] [f_] [x_]+Derivative[1] [g_][x_]),x_Symbol] :=

a/ (p+1) *Subst[Int[SimplifyIntegrand [SubstFor [Derivative[m-1] [f] [x]~(p+1) *g[X]"(q+1) ,u,x],x],x],x,

Derivative[m-1] [f] [x]" (p+1) *g[x]1~(q+1) ] /;
FreeQ[{a,b,f,g,m,p,q},x] & EqQ[ml,m-1] & EqQ[ax(q+1),bx(p+1)] && FunctionOfQ[Derivative[m-1] [f] [x]" (p+1) *g[x]"(q+1),u,x]

Int[u_sDerivative[ml_] [f_] [x_]~p_.+Derivative[nl_][g_][X_]"q_.*
(a_.«Derivative[m_] [f_] [x_]+Derivative[nl_][g_] [x_]+b_.+Derivative[ml_] [f_] [x_]~Derivative[n_][g_][x_]),x_Symbol] :=

a/ (p+1) *Subst[Int[SimplifyIntegrand [SubstFor [Derivative[m-1] [f] [x]~(p+1) *Derivative[n-1] [g] [X]"(q+1),u,x],X],x],X,
Derivative[m-1] [f] [x]~(p+1) *Derivative[n-1] [g] [x]~(q+1)] /;
FreeQ[{a,b,f,g,m,n,p,q},x| & EqQ[ml,m-1] & EqQ[nl,n-1] & EqQ[a*(q+1),bx (p+1)] &&
FunctionOfQ[Derivative [m-1] [f] [x]~ (p+1) *Derivative[n-1] [g] [X]"(q+1) ,u,X]

2: Jf’[x] g[x] + f[x] g’ [x] dx

Reference: G&R 2.02.5

Derivation: Inverse of derivative of a product rule

Rule:

Jf’[x] gIx] + £[x] g [x] dx — F[x] g[x]

Program code:

Int[f_'[x_]1*g_[x_] + f_[x_1*g_'[x_],x_Symbol] :=
fIx1+g[x] /;
FreeQ[{f,g},x]
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3 Jf’[X] gx] - f[x] g’ [x] ax
glx]1?

Reference: G&R 2.02.11
Derivation: Inverse of derivative of a quotient rule

Rule:

J‘f'[X] gIx] - f[x] g'[x] fx]
dx — ——
glx]? glx]

Program code:
Int[(f_'[x_1*g_[x_1 - f_[x_1*g_"[x_1)/8_[x_1~2,x_Symbol] :=

fIx1/g[x]1 /;
FreeQ[{f,g},x]
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4 Jf'[X] gIx] - f[x] g'[x] dx
fIx1 glx]

Reference: G&R 2.02.12
Derivation: Inverse of derivative of log of a quotient rule

Rule:

J'f'[X] gIx] - f[x] g'[x]
dx —

fx] glx]
Program code:
Int[(f_'[x_1*g_[x_]1 - f_[x_]1*g_"[x_] )/(f_[x_] *g_[x_]1),x_Symbol] :=

Log[f[x1/g[x]] /;
FreeQ[{-F,g},x]
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